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ABSTRACT: Gyroid-to-cylinder transition in a diblock copolymer melt under an electric field is studied by
real-space dynamical self-consistent-field theory. Starting from an equilibrium gyroid structure, we apply an
electric field along [111], [11h0], and [112h] directions of the conventional unit cell of the gyroid structure. Under
sufficiently high value of the electric field, an epitaxial transition to cylinders occurs. Contrary to the case of a
similar transition under the shear flow, we observe 5-fold connections as intermediates in the transition. We
found a critical behavior of the lifetime of the initial gyroid structure, which can be accounted for using the
mean-field argument. Numerically obtained scattering function explains the unclarified intermediates experimentally
observed in the thermal relaxation of a sheared gyroid.

1. Introduction

Diblock copolymers are composed of chemically different
homopolymers covalently connected to one macromolecule.
They can microphase-separate into various nanostructures. These
nanostructures can be lamellar, cylindrical, gyroid, and spherical
ones, which depends on the volume fraction of individual blocks
and øN, whereø is the Flory-Huggins segmental interaction
parameter that is inversely proportional to the temperature and
N is the degree of polymerization.1,2 Transition between different
structures can be induced either by changing the temperature
or by applying external fields. Among those are shear flow2-9

and electric field.10-16 For instance, Xu et al.15 investigated
experimentally and theoretically the sphere-to-cylinder transition
in a diblock copolymer under an applied electric field. When a
sufficiently strong electric field is applied, the spherical
morphology transforms into hexagonally arranged cylinders.
Transition to cylindrical morphology was also found under the
influence of an applied shear flow.3

There are many open questions as to the existence and the
stability of the so-called intermediate phases between the
classical phases like lamellae and cylinders. Among these
intermediate phases are the perforated lamellar phase (or mesh
phase), the gyroid phase, etc.17 Why are their regions in the
phase diagram so different between the block copolymer and
the short surfactant systems? How can these structures be
stabilized?17 Gyroid morphology is of great interest due to its
bicontinuous nature of two mutually interpenetrating labyrinth
networks, which can have many potential applications in
chemical engineering such as catalytic membranes, photonic
crystals, and so on.18,19 These interpenetrating networks will
lead to nontrivial rheological properties due to very complex
possible topological transformations under external fields.
However, the fundamental understanding of the gyroid structure
is still limited compared to the classical phases like lamellae,

cylinders, and spheres. To answer the questions associated with
the stability of the intermediate phases, one needs to have a
detailed knowledge on how, for instance, gyroid structure would
respond to different types of external influences, like temperature
change and various possible external fields. Matsen has studied
the transition from gyroid to cylinders under temperature change
with self-consistent-field calculation.20 Recently, shear instability
of the gyroid phase of a diblock copolymer was studied by the
small-angle neutron scattering technique.5

The same problem that was studied in ref 5 was theoretically
investigated by Honda and Kawakatsu.9 Under a shear flow in
the [111] direction of the gyroid unit cell, a nucleation and
growth of the cylinder domains was observed. The gyroid arms
perpendicularly oriented to the flow direction do not contribute
to the formation of the cylindrical domains; i.e., they vanish
during the transition. On the other hand, those that are nearly
parallel to the [111] direction are elongated by the shear flow
and transformed into cylinders.

Application of another type of field (e.g., electrical field) will
change the nature of the transition. The difference in transition
behavior was studied earlier using the sphere-to-cylinder transi-
tion as an example.21 In the present paper we investigate the
epitaxial gyroid-to-cylinder transition under an electric field
using the dynamical self-consistent-field theory (SCFT). This
type of transformation has not yet been studied experimentally.

2. Method

In the present work we use SCFT to study bicontinuous
gyroid structure under an applied electric field. SCFT is well
documented in textbooks.22,23 SCFT is also described in detail
in our recent paper on gyroid under shear flow,9 which is closely
related to the present work. Therefore, we will not repeat
standard details and only mention necessary elements for the
present work. We study an A-B diblock copolymer melt, with
each polymer chain consisting ofNA segments of A type and
NB segments of B type. The degree of polymerization, therefore,
is N ) NA + NB. Our goal is to study how the morphology
transforms in time under the applied electric field. For this
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purpose we use a dynamic version of SCFT, which was first
proposed by Fraaije in 1993.24 It describes time evolution of
densities of various block copolymer components using a
simplest possible dynamic modelsdiffusion type of dynamics.
Polymer dynamics is a very complex phenomenon with various
dynamical modes and time scales involved. The dynamical
version of SCFT has no aim to describe the polymer dynamics
in its full complexity, but rather to describe situations where
the simple diffusion plays the major role. Examples of the
characteristic time scales involved in polymer dynamics are the
Rouse relaxation time, the reptation time (on a molecular level),
and the time scale determined by the domain size in block
copolymer system divided by the typical velocity of the block-
block interface (on a mesoscopic level). If the molecular times
are shorter than the mesoscale one, the use of the dynamic SCFT
based on the diffusion dynamics is justified. If not, the effects
of entanglements should be taken into account using extended
dynamic SCFT proposed by Kawakatsu et al.25 The diffusive
dynamics is sufficient to study the phase transformations in melts
or concentrated block copolymer systems. It was recently
confirmed that, although being very simple, this dynamics not
only reproduces the experimentally observed sequence of
phases26 but also quantitatively describes the experimentally
observed phase transition kinetics in block copolymer phases.27

An extensive discussion and estimates of the time scales
described by dynamic SCFT can be found in refs 16 and 27.

In the case of applied electric field, the dynamics has the
form of anisotropic diffusion type:28

whereφK is the local volume fraction of blocks ofK-type (K )
A or B), and the effect of the imposed electric field is expressed
by the second term on the right-hand side (rhs) of the equation
(the electric field is imposed in thez-direction). The mobility
LK (it has dimension of m3 s/kg in SI) is taken the same for all
components, i.e.,LK ) L for all K. The chemical potential (with
the dimension of J/m3) of blocks ofK-type is defined asµK )
δF/δφK, whereF is the free energy of the system without an
electrostatic contribution:

whereM is total number of polymer chains in the system,Z is
the single chain partition function,εKK′ is the strength of pair
interaction betweenK- andK′-type segments, andVK is the self-
consistent potential. We consider that the system is incompress-
ible; thusφA + φB ) 1. In the case of segments of the same
volume the space-averaged volume fraction of A-block isf )
〈φK(r ,t)〉 ) NA/N. It is independent of time. We keep only the
leading term in the electrostatic contribution to the chemical
potential, expanded in a series ofφK. This leads to the last term
on rhs of eq 1, which makes the diffusion anisotropic in the
direction of the applied electric field (z-direction in our case).
The parameter, which controls this anisotropy, is16

whereε0 is the dielectric constant of vacuum,E0 is the amplitude
of the applied electric field, andV is the volume of a single
polymer chain. The dielectric constant of a melt depends on
the local volume fraction of blocks,φK(r ,t). We useε(r ) ≈ εj +
ε1(φA - f) with εj ) ε|φA)f andε1 ) (∂ε/∂φA)|φA)f.16 Assuming
ε(r ) ) εAφA + εBφB (where εK is the dielectric constant of
K-block), we can introduce a dimensionless parameter:16

wherek is the Boltzmann constant andT is the temperature.
Our treatment of the electrostatic contribution is valid provided
ε1(φA - f) , 1, which is the case in weak segregation regime
or in intermediate segregation regime but with a weak depen-
dence of the dielectric constant on the local composition. We
refer readers to ref 16, section II, which contains a compre-
hensive discussion of this parameter with respect to experimental
copolymer systems and electric field values.

To eliminate frustration on the block copolymer structure due
to periodic boundary conditions, we apply the system size
optimization (SSO) method which minimizes the free energy
density of the system by optimizing the side lengths of the
simulation box.9 We use the dynamical version of SSO:9

whereLi (i ) x, y, z) are the side lengths of the simulation box,
V is the system volume, andúi are positive coefficients, which
should be determined so that the change in the size of the
simulation box does not affect the dynamics of the domains.
We chose the same value ofúi for all sides.

For the purpose of this paper, the OCTA code,29 which we
use to perform SCFT simulations, was modified to account for
the dynamics described by eq 1 with an anisotropic diffusion
term.

3. Results and Discussion

3.1. Preparation of Initial G Structure. Following our
previous work (Appendix D in ref 9), we start from generating
a perfect gyroid (G) structure. The main idea is to start from an
initial density distribution (from numerical reasons it is easier
to start from SCF potential), which has G symmetry

whereDG is the side length of the unit cell of the G structure
which can be calculated via its relation with the equilibrium
spacing of the lamellar structureDL formed by the same block
copolymer of valueøN. We take the same system and
parameters as before:NA ) 7, NB ) 13, andøN ) 20.9 After
sufficient equilibration by means of the static SCFT simulation
with SSO, we obtain a perfect G system with the side length of
the optimized G unit cellDG

0 ) 17.2 (in units of segment size
that is taken to be unity), which is presented in Figure 1. To
investigate the G system under an applied electric field, we
choose another orientation of the G phase, which allows for
investigation of the transition along the [111] direction, similar
to the situation with G under shear flow studied in our previous
work.9 The threeX-, Y-, andZ-axes of the new simulation box

∂
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are parallel to the [11h0], [112h], and [111] directions of the
conventional unit cell of the G structure given by eq 6,
respectively. The box sides alongX-, Y-, and Z-axes are
x2DG

0 , x6DG
0 , and (x3/2)DG

0 , respectively.9 Such a box pro-
vides the least distortion to the gyroid structure. To simulate a
bulk system, we employ periodic boundary conditions in all
directions. The new box is illustrated in Figure 2. It has
dimensions 36× 64× 28 (X × Y× Z) grid units, which results
in the mesh size∆x ) 0.68,∆x ) 0.66,∆x ) 0.53 (in units of
the segment size). In the following, we do not use SSO except
for the very last subsection, where we discuss the effect of SSO.

3.2. Domain Dynamics during the Transition. After we
have generated the initial gyroid structure, we apply an electric
field along a chosen direction. The simulation parameters, which
are not mentioned above, are the time step∆t ) 0.005, the
mobility LK ) 1, the mesh size along the chain∆s ) 0.2, and
the effective bond length is unity. Figure 3 shows results of the
simulation where the electric field was applied along [111]
direction, and as a result, the epitaxial transition G{211} f
C{10} takes place. TheYX-view on the structure demonstrates
that arms of 3-fold G structure become thinner as time
progresses while a hexagonal cylindrical structure grows from
the centers of 3-folds. At a certain moment the arms are broken
(Figure 3d), and the structure consists of two types of undulated
cylinders, with larger and smaller degree of modulation (Figure
3e). At the end all cylinders are perfect (Figure 3f). The initiation
of the cylinder phase is not seen inXY-view but well visible in
other side views (Figure 4). In Figure 4b we see, that prior to
breaking 3-fold arms, the neighboring G tripods form necks in
direction on the electric field. Therefore, the intermediate
structure in this transition is 5-fold connections. This process
is illustrated by the five arrows in Figure 4e, which is rotated
from Figure 4b a different angle. This stage is similar to the
epitaxial G-to-C transition under temperature change.20 This is
very different from the G-to-C transition under shear flow, where
no 5-fold connections form and 3-fold tripods are simply broken
by the flow.9 This difference lies in a fundamental difference

in governing time-dependent equations. In the case of the
transition under shear flow it is a diffusion-convection equation
with two different directions: the direction of the flow and the
direction of the velocity gradient.9 In the case of applied electric
field it is anisotropic diffusion equation with only one preferred
directionsdirection of the electric field.30 Additionally, there
is an important difference between these two external fields. In
the case of the shear, the deformation includes rotation, while
the electric field case does not. This means the sheared G
structure breaks in a different way from the G structure under
an electric field. The difference comes from the rotational
motion of the domain arms that are perpendicular to the shear
direction.

Figure 4c shows that initial cylinders are undulated. The
modulations seen in Figure 4c are peristaltic modulations. The
modulations are suppressed by the electric field after some time
(Figure 4d). Additional details of the transition are seen from
the side view in Figure 5. The first three images, a-c, show
how the intermediate 5-arm connections form and disappear.
The next two images, d and e, show that there are two types of
cylinder modulations: peristaltic and undulation (zigzag type);
it can be seen from Figure 5g,h. Both types form a regular
sequence in space one after another. Finally, perfect cylinders
are shown in Figure 5f. A characteristic feature of this transition,
Figures 3-5, is that the transition proceeds in all space with
the same speed everywhere, which is different from the situation
under shear flow, where coexistence of G and C phases was
observed.9

We calculate the scattering intensities using the domain
patterns obtained in the simulations. We assume that the sample
consists of many gyroid crystal regions with their [111]
directions (which is theZ-direction in our figures) being parallel
to each other but with arbitrary orientation of the other crystal
axes. Such an alignment is a common situation, which can be
achieved, for instance, by applying a shear flow to the sample.5

The scattering intensities were calculated by the Fourier
transformation of the density fields with a proper averaging
taking into account the polycrystallinity. The incoming beam

Figure 1. Two views of the perfect G structure obtained after
equilibration of the structure given by eq 6. Here and in all figures
below the isosurface level isφA ) 0.75.

Figure 2. Different views on the perfect gyroid structure in the new
simulation box with the side lengthsx2DG

0 , x6DG
0 , and (x3/2)DG

0 .

Figure 3. Kinetics of G-to-C transition under electric field applied
alongZ-axis with R̃ ) 0.2. Time: t ) (a) at 10, (b) 20, (c) 35, (d) 40,
(e) 50, and (f) 100.
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is directed perpendicularly to the [111] direction. A typical 10-
spot pattern, which is characteristic of the gyroid structure,5 is
observed (Figure 6a). At the end of the G-to-C transition,
characteristic 2-spots of the cylindrical phase are seen in Figure
6d. The same situation is found experimentally.5 The most
interesting result is illustrated by Figure 6b,c, which shows a
disappearance of the four gyroid off-equatorial peaks and a
gradual decay of the four other gyroid peaks, which are located
next to the equatorial peaks. (Using the terminology of ref 5,
we call those peaks equatorial which correspond to the final
cylindrical structure.) This is the situation shown in the inset 6
of Figure 4 in ref 5. The experimental situation describes a
relaxation of the shear-induced cylindrical structure back to the
original gyroid structure after the secession of the shear flow
because the gyroid structure is the equilibrium structure at that

temperature. As we see the same transition state under an applied
electric field (Figure 6b), the effect of the electric field is
supposingly similar to a change in the temperature. We elaborate

Figure 4. Different side views of the transition from Figure 3. Time:
(a) at 10, (b) 20, (c) 40, and (d) 100. (e) Isovolume and isosurface at
20.

Figure 5. The same as in Figure 3 but viewed inXZ-plane. Time: t
) (a) at 10, (b) 25, (c) 35, (d) 40, (e) 50, and (f) 100; (g) undulation
type and (h) peristaltic type.31

Figure 6. Intensity of scattering by the structures shown in Figures 3
and 4 in the case of the incoming beam in theX-Y plane. The sample
is assumed to be a polycrystal with all possible domain orientations
around theZ ([111]) axis. The area of each spot is proportional to the
intensity. Time: t ) (a) 0, (b) 10, (c) 20, and (d) 100.
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on that issue in the following subsection. Moreover, nonsimul-
taneous evolution of the above-mentioned eight peaks (peaks
C and D in the notation of ref 5) was found surprising and
attributed to a possible “dependence of the growth rate on the
rotational position of the morphology with respect to the shear
geometry”.5 We can confirm that this is not the case, and the
6-spot patterns from Figure 6b,c correspond to the development
of the intermediate structures in the G-to-C transition, which
includes a formation of the 5-fold connections and various
undulations of the network arms.

Figure 7 shows scattering in a different direction, namely
along theZ ([111]) direction. In this case the sample should be
a monocrystal to observe separate peaks and not circles. The
initial gyroid structure is seen as superposition of two hexagons
in reciprocal space, rotated byπ/3 with respect to each other
and having slightly different wave vectors (Figure 7a). In the
course of time, one hexagon dies out (Figure 7b), and only one
remains, which corresponds to the hexagonally packed cylinders
(Figure 7c). Scattering in this direction was not done experi-
mentally but can be performed, if a sufficiently large gyroid
monocrystal can be obtained (possibly by a temperature change
from the initial state of hexagonally packed perpendicular
cylinders in a thin film).

3.3. Lifetime of the Initial G Phase.The simulations have
been carried out for various values of the electric field. Figure
8a shows the free energy as a function of time for several values
of the applied field. Following our previous work,16 we have
chosen to illustrate the transition by the free energy without

the electrostatic contribution. This partial free energy provides
a measure of the change in the strength of the microphase
separation. It reflects the changes in shapes and connectivity
of domains, just like the case in our previous work on cylindrical
domains under external electric field.16 The electric field is
applied at the timet ) 0. It serves as a disturbance to the system,
which manifests itself by a sharp increase in the free energy
shortly aftert ) 0. At this initial stage the system reduces the
strength of its phase separation to some extent (i.e., the interfaces
become more diffuse and the contrast between the two domains
becomes smaller), as the application of an electric field is similar
to a shift in the temperature.32 If the electric field is weak (see,
for instance, the line forR̃ ) 0.05), the free energy reaches a
plateau and the system remains in the gyroid phase but with a
slightly increased free energy. We call this state an “excited
gyroid”. If the field is above a certain threshold value (the lines
with R̃ ) 0.078 and above), such an “excited gyroid” has a
finite lifetime. When this time elapses, the free energy drops to
another plateau, which corresponds to a cylindrical phase. For
all values of the electric field the height of the second plateau
is the same, which reflects the fact that the final cylindrical
phase is the same for all fields as long as the transition occurs.
The details of this transition have been discussed in Figures
9-11. The time duration of the transition, which is defined as
the time span of the free energy drop (from the start of the drop
until the second plateau in Figure 8), is approximately the same

Figure 7. Intensity of scattering by the structures shown in Figures 3
and 4 in the case of the incoming beam is in the [111] direction. The
sample is a monocrystal as shown in Figure 3. Time:t ) (a) 0, (b) 20,
and (c) 100.

Figure 8. (a) Free energy in arbitrary units (au) as a function of time
for different values of applied fieldR̃. (b) Total time of the transition
as a function of electric field; solid line is fitting by function∆τ )
(R̃ - R̃0)-p.

Figure 9. Kinetics of G-to-C transition under electric field applied
alongX-axis with R̃ ) 0.2. Time: t ) (a) at 60, (b) 130, (c) 180, (d)
365, (e) 430, and (f) 480.
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for all values of the electric field, while the lifetime of the
“excited gyroid” in the applied electric field until its transforma-
tion to cylinders is distinctly different for different values of
the electric field.

The situation of the “excited” structure is similar to the one
observed in the reorientation of cylinders in an electric field
(see ref 16, Figure 7). We evaluate the lifetime∆τ of an
“excited” structure from the graphs in Figure 8a as the time
span fromt ) 0 (when the electric field was applied) until the
moment of the half-height of the drop in the free energy. The
result is shown in Figure 8b. The values of the lifetime diverges
as the strength of the electric field decreases. This suggests that
we can discuss this transition in terms of critical phenomena
and fit the data using the argument of critical exponents. The
result is shown in Figure 8b. The threshold value of the electric
field is found to beR̃0 ) 0.062 with critical exponentp ) 1.49.
Intuitively, this can be explained by the following arguments.
In the Landau theory of the phase transition of the second order,
the correlation length behaves as (T - Tc)-1/2 in the vicinity of
the critical temperatureTc. On the other hand, the Lifshitz-
Slyozov theory on the time evolution of the characteristic length
of a conserved order parameter followsτ1/3.32 Combining these
two relations givesτ ) (T - Tc)-3/2. This can be understood as
follows. The electrostatic contribution to the free energy
renormalizes the coefficient of theφ2 term in the free energy.32

This renormalization leads to a shift of the critical temperature.
Such a change causes a critical phenomenon.

3.4. Electric Field in Other Directions.We have also carried
out two simulations where the applied electric field is directed
along the other two directions, i.e., alongX ([11h0]) or Y ([112h])
directions. The results are shown in Figures 9-11. In all cases
we obtain the cylindrical phase at the end, but kinetics of the
transition is different from what we discussed above. The most
significant difference is seen in the transition illustrated in
Figure 9. In the initial stage G structure starts to change the
strength of its microphase separation (the structure is becoming
thinner due to partial melting) without observable change in

the topology of the domain structure (compare Figures 2b and
9a). This is due to the effective change in the temperature
difference (T - Tc), as described in the previous subsection. In
the next stage the system splits into a set of disconnected wavy
laces (Figure 9b), which become again interconnected after a
short while (Figure 9c). In the later stage a transition to cylinders
aligned along theX-axis occurs. The transition does not happen
homogeneously in the whole system (Figure 9d,e), contrary to
the situation when the field was along theZ-axis (Figure 3).
The final hexagonal structure is a bit distorted (Figure 9f), which
can be attributed to the effect of the smallZ-side of the
simulation box. The situation in the case of the field applied
along theY-axis is different, as is shown in Figures 10 and 11:

Figure 10. Kinetics of G-to-C transition under electric field applied
along theY-axis with R̃ ) 0.2. Time: (a) at 10, (b) 20, (c) 30, (d) 40,
(e) 60, and (f) 100.

Figure 11. The same as in Figure 10 but viewed in theYZ-plane.
Time: t ) (a) at 10, (b) 20, (c) 30, (d) 40, (e) 60, and (f) 100. (g)
Close-up 5-fold connection from (c).
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the transition proceeds homogeneously in the whole simulation
box, similar to the case illustrated in Figure 5. The system also
forms an intermediate structure with nodes having more
connections compared to 3-fold connections of gyroid
(Figures 10c and 11c). A typical 5-fold connection is shown in
Figure 11g. Formation of an intermediate with more than 3-fold
connections is similar to the situation of the applied electric
field along Z-axis, but the orientation of the new structure is
different. Simply due to the geometry of the G phase, new
connections are forming not parallel to the electric field but in
a tilted direction (Figure 11a-e). As a result, newly formed
cylinders are tilted as well (Figure 11f). Under the periodic
boundary condition, a cylindrical domain that crosses the
boundary and tilted to the side of the simulation box cannot
reorient to the parallel direction of the simulation box unless it
breaks. Therefore, the structure is trapped in this state, similar
to the situation discussed for lamellar case in ref 28. The free
energy as a function of time is shown in Figure 12 for different
directions of the applied electric field (solid lines). It demon-
strates that the speed of the transition is the fastest if the electric
field is applied alongZ ([111]) direction and is the slowest if it
is alongX ([11h0]) direction. Therefore, the instability modes
shown in Figure 4 are the fastest growing modes and will be
the ones realized in experiments, where the initial gyroid sample
is a polycrystal with different orientations of domains.

3.5. Effects of SSO.The results we showed above are for
calculations without SSO. To elaborate on the issue of possible
structural frustration due to a small simulation box, we carry
out calculations with SSO as well. We use the value of
parameterúi in eq 5 equal to 1. Figure 12 shows free energy as
a function of time for both types of simulations: with SSO and
without SSO. In the cases of an electric field applied inY- or
Z-directions, the results are not much different between simula-
tions with SSO and without SSO. However, with SSO involved,
we obtain the cylindrical structure with a lower free energy.
Therefore, the final structure is more perfect. The situation is
quite different in the case of the field in theX-direction. A
simulation with SSO shows a drastically different kinetics. The
transition occurs almost twice as early as in the case without
SSO (Figures 9e and 13e; see also Figure 12, dashed “X” curve).
Contrary to the situation described in Figure 9, the transition
calculated with SSO (Figure 13) proceeds homogeneously in
the whole simulation box. There is no intermediate state with
disconnected waves like one in Figure 9b, which is followed
by the interconnected structure in Figure 9c. Instead, when a
wavy disconnected pattern is formed (Figure 13d), it is directly

followed by the formation of cylinders. The final cylinders
(Figure 13f) are still slightly distorted in theYZ-plane even with
SSO. Therefore, we can conclude that in the absence of
structural defects the transition will be always homogeneous in
space.

4. Conclusion

By using the real-space dynamical SCF method, we have
calculated the epitaxial transition gyroidf cylinder under an
electric field. A threshold value of the applied electric field is
required to induce the transition. The time of the transition
diverges at this value with the critical exponent 3/2, which can
be understood using mean-field theory of the second-order phase
transition. We show details of the kinetics of the transition,
which includes intermediate structures with increased connectiv-
ity compared to the gyroid phase. The transition under the
electric field proceeds homogeneously in space, contrary to the
similar transition under a shear flow. We have found that the
fastest growing instability modes are realized, if the field is along
[111] of gyroid conventional unit cell. We also have used SSO
method, which helps us to conclude that structural defects serve
as nuclei for the transition, and in their absence the transition
will be homogeneous in space.
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